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a b s t r a c t

Tick size is an important aspect of the micro-structural level organization of financial
markets. It is the smallest institutionally allowed price increment, has a direct bearing
on the bid–ask spread, influences the strategy of trading order placement in electronic
markets, affects the price formationmechanism, and appears to be related to the long-term
memory of volatility clustering. In this paper we investigate the impact of tick size on stock
returns.We startwith a simple simulation to demonstrate how continuous returns become
distorted after confining the price to a discrete grid governed by the tick size.We thenmove
on to a novel experimental set-up that combines decimalization pilot programs and cross-
listed stocks in New York and Toronto. This allows us to observe a set of stocks traded
simultaneously under two different ticks while holding all security-specific characteristics
fixed. We then study the normality of the return distributions and carry out fits to the
chosen distributionmodels. Our empirical findings are somewhatmixed and in some cases
appear to challenge the simulation results.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

This paper studies the effect of discrete tick size on the shape of the daily return distribution. The return distribution
is of utmost importance in the theory of finance and has been studied since Bachelier [1]. The Capital Asset Pricing Model
(CAPM) [2] andMarkowitz’smean-variance portfolio theory [3] rely on the assumption that returns are normally distributed.
In addition, many current practical applications, such asmost Value-at-Risk (VaR)models, rely on the normality assumption
of returns. The nominal tick size is institutionallymandated and sets a limit on how finely pricesmay be specified. In practice,
the price resolution allowed for by the tick size is not always followed since some fractions tend to be preferred. This
phenomenon, known as price clustering, leads to an effective tick size that is larger than the nominal tick and amplifies
the effects of a discrete tick. Since an institutionally mandated tick size can affect the return distribution, understanding its
effects is important and may have far-ranging consequences.

The reason for a finite tick is historical. A popular conception is that, when the New York Stock Exchange (NYSE) was
founded in 1792, the systemwas based on the Spanish model and the decision to adopt 1/8 fractions was influenced by the
Spanish silver dollar being divided into eight parts. An argument for maintaining the tick size is that it serves to maintain
a minimum level of profits for market makers and thus guarantees the provision of liquidity [4], but too large a tick size
increases the transaction costs to investors by increasing the bid–ask spread. The optimal tick is, therefore, a trade-off
between the cost and benefit of a nonzero tick [5–7]. The conversion from fractions into decimals started by the signing
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of the Common Cents Stock Pricing Act in 1997. The US Securities and Exchange Commission (SEC) ordered that all US stock
markets convert to decimals by April 9, 2001. As a result, markets went from pricing securities in 1/8 dollar to 1/16 dollar,
and decimalization was tested on certain securities before full decimalization as agreed in the decimal pilot program. There
were some delays from the original plan, but decimalizationwas completed in August 2002, when all stock exchanges in the
US began trading in dollars and cents, i.e. under a 1/100 tick. The US exchanges were the last major exchanges in the world
to implement decimalization [8]. Regardless of the completion of decimalization, tick size remains an important aspect of
the micro-structural level organization of financial markets. Its effect is likely to be amplified in the case of high-frequency
data as well as if the price resolution allowed for by the tick size is not followed in practice due to price clustering.

In this paper we claim that large effective ticks lead to a distortion of the shape of the return distribution. On the one
hand, this distortion can be characterized by measuring how far the distribution is from normal, and on the other by fitting
some commonly used distributions to the datawith clearly interpretable shape parameters. In addition, studying the ranking
of different distribution models indicates whether changes in tick size affect which model best fits the data. We approach
the research problem in two different ways, which are (1) simulation and (2) empirical data approach. In the simulation
approach the aim is to seewhether any qualitative effect can be seen as the tick size is varied. Simulation iswell suited for this
approach as it enables us to focus on the effect of tick size in isolation from other factors.Wewill not carry out a quantitative
characterization of the observed changes since these are contingent on the assumptions made in the simulation. In the
empirical approach, on which the emphasis of the paper lies, we study the same phenomenon quantitatively for empirical
data by identifying stocks that are cross-listed in two exchanges under different ticks. The advantage of our experimental
set-up is that all security-specific characteristics are held constant.

We start in Section 2 by exposing the reader to some papers that deal with tick size in the finance literature. Section 3
covers the simulation approach by introducing the model. The empirical approach is covered in Section 4, which covers the
experimental set-up, explains how the studied data were chosen, and quantifies the extent of price clustering in the data.
The section also lists different distribution models. Finally, the results are discussed in Section 5.

2. Tick size in finance revisited

Empirical studies have revealed an interesting behavioral pattern related to how investors actually use the price
resolution allowed for by the tick size. It appears that instead of making full use of the available price spectrum, investors
occasionally stick to a subset of it and use coarser prices instead. There are at least two alternative explanations for this [9].
The first explanation is collusion, which refers to the idea that market makers quote prices only in certain fractions in order
to increase bid–ask spreads. The earliest support for this comes from a study in which the uniform distribution of fractional
closing prices was violated by a sample of NYSE stocks [10]. Stock market decision makers have also been reported to have
a preference for numbers they are accustomed to dealing with [11]. Christie and Schultz [12,13] show that many NASDAQ
stocks exhibit a paucity of odd-eighths quotes and quote prices mainly in even-eighths. The second explanation is natural
clustering put forward by Ball et al. in a study of the nature, frequency, and causes of rounding in transactions prices on
the London gold market [14]. The degree of price resolution, i.e., whether prices are quoted to the nearest 5, 10, 25, 50, or
100 cents, was found to be a function of the amount of information in the market and the level of variability of the price. A
similar approach was adopted by Harris who studied daily prices for a set of NYSE and AMEX stocks [9], provided evidence
on the rounding of quotes and transaction prices, and claimed that stock prices cluster because traders use discrete price
sets to simplify negotiations.

Interestingly, it appears that, after a change in the tick size, investors exhibit some sort of conservatism and use mainly
pre-decimalization ticks [15]. Bessembinder provides empirical evidence on relations between trade execution costs and
price rounding practices on the NYSE and NASDAQ. His results indicate that higher execution costs are associated with the
rounding of quotations and trade prices [16], and finds that the effect of clustering on trading costs decreases as the tick size
decreases [17]. Chung et al. examine execution costs andquote clustering on theNYSE andNASDAQafter decimalization [18].
They find the mean spread of NASDAQ stocks is greater than that of NYSE stocks, whereas both exhibit higher degrees of
quote clustering on nickels and dimes. However, price clustering, regardless of its origin, results in the effective tick being
larger than the nominal tick.

The fact that transactionswere confined in absolute terms to a fixed pricing grid is also important from the perspective of
the microeconomics of price formation. Although much of economic theory revolves around the optimality of equilibrium
prices, Goldman and Beja argue that economic theory is less informative about the institutional arrangements, such as the
tick size, on the actual functioning of markets [19]. So while price changes are attributable to changes in the environment,
the process of price formation happens through the market system and this necessitates incorporating the effect of tick
size. They argue that most studies assume that observed prices are sufficiently good approximations of some equilibrium
values andmake no explicit reference to themarketmechanismwhichmay affect the convergence towards equilibrium. The
outcome is that all returns are measured with error. This error may also contribute to the well-known fact, first reported by
Mandelbrot [20] and Fama [21], that logarithmic returns are not normally distributed but are instead fat-tailed and peaked.
This is acknowledged in a paper on the London gold market that suggests that rounding itself could contribute to such
findings [14].

Gillemot, Farmer, and Lillo study the role of fluctuations in transaction volume in explaining the origin of heavy tails
in return distributions and volatility clustering [22]. They use data from the NYSE and the London Stock Exchange (LSE),
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where the data from the former come from two periods with different tick sizes. The authors study the long-memory of
volatility and distributional properties of returns under alternative time clocks (real time, transaction time, volume time).
The long-memory of volatility, which refers to the slowly decaying nature (non-integrability) of the autocorrelation function
of volatility, is characterized by computing the Hurst exponent for the time series. It turns out that the most significant
factor determining the value of the Hurst exponent is the data set used and the range of values for the exponents from the
two periods for the NYSE stocks are different and completely disjoint. The authors also find differences in the cumulative
distribution of absolute logarithmic returns,which are almost identical under the small tick but for the larger 1/8 tick deviate
in the tail for some stocks under different ‘‘time clocks’’. The concept of time clock here refers to different ways of defining
time intervals on the market, which condition price returns on either volume or transaction frequency. These findings
suggest that changes in tick size or other aspects of market structure can be important in determining the persistence of
volatility and the tail of the return distribution.

Mike and Farmer develop empirical models of price formation that capture behavioral regularities in trading order
placement and cancellation [23]. They recognize that tick size can have an important effect on prices, as the obvious strategy
for placing an order inside the spread is to choose a price that is one tick above the current best price, which is the best
possible price with higher priority of execution than any existing order. The authors fix a small constant tick, which leads
to good prediction for the magnitude and functional form of the distribution of returns and the bid–ask spread as compared
to real data from the LSE.

Wyart et al. use a theoretical framework to obtain a linear relation between the bid–ask spread and the instantaneous
impact of market orders, leading to the hypothesis that electronic markets should operate within a certain region in the
phase diagram of the system [24]. They test this on empirical data and find good agreement with the predicted bound for
small tick electronic markets. A key observation is that for small tick stocks the total available volume in the order book at
any instant in time is very small. The case of large tick stocks is different since in this case the spread is (nearly) always one
tick, with very large volumes at both the bid and the ask, leading to a spread that is substantially larger than predicted for
small tick stocks.

3. Simulation approach

A common approach to model the distribution of asset returns is to model the assumed return generating stochastic
process. Examples of this include Brownian motion leading to normally distributed returns [25], and the mixed diffusion
jump [26] resulting in an easily tractable probability density function. Here we have adopted a simple alternative that
generates log-normally distributed price time series. It follows then, by definition, that the logarithmic returns for the price
series are normally distributed.1

Let S(t) denote the continuous, i.e. non-discretized equilibrium price generated from a Gaussian randomwalk of returns.
We use S(t) in order to distinguish the simulated price clearly from the actual trading price P(t, !P), which is always
discrete. The price process can be expressed as a stochastic differential equation (e.g. [27]) of the form

d ln S(t) = µdt + "dz, (1)
where d ln S(t) is the differential of the logarithmic price at time t , µ and " > 0 are constants and z is a standard Wiener
process, leading to Brownian motion. Because Eq. (1) is written in terms of ln S(t), it is itself a generalized Wiener process of
the form dx(t) = a dt + b dz, and this particular process is called geometric Brownian motion. For the purposes of simulation
we can discretize Eq. (1) by taking a basic period length as !t . Setting the initial time to be t0, the following time steps can
be obtained from the previous ones as tk+1 = tk +!t . In discrete form d ln S(t) can be written as ln S(tk+1)" ln S(tk), which
yields the iterative formula for prices as

ln S(tk+1) = ln S(tk) + µ !t + "#(tk)
#

!t, (2)

where #(tk)
#

!t is the discrete equivalent of #(t)
#
dt = dz and #(tk) follows the N(0, 1) distribution. Setting the basic

period length as one day (!t = 1), the above expression simplifies to
ln S(t + 1) = ln S(t) + µ + "#(t). (3)

Here the parameters µ and " are estimated from empirical data for some select stocks. The initial price Si (t = 0) was set
as the first price entry in the empirical price series Pi (t = 0). The logarithmic price, based on the statistical properties
of empirical price of stock i, can now be simulated from Eq. (3), the exponential of which gives the simulated trading
price Si(t).2 We use two different levels of discretization, a coarser level of 1/8 and 1/16 of a dollar corresponding to pre-
decimalization, and a finer level of 1/100 corresponding to the post-decimalization situation. Discretized price is obtained
from the simulated continuous price as

P̂i(t, !Pi) =
!
Si(t)
!Pi

"
!Pi, (4)

1 If u is a log-normal random variable, then the transformed variable w = log u is normally distributed.
2 We simulate (and estimate the parameters for simulation from) the actual closing price and not, for example, the split adjusted price, because it is the

actual price that is used in trading, and subject to discretization.
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Fig. 1. Simulation results for IBM (left) and CRK (right). The top plots show the actual daily closing price P(t) for these stocks in US dollars (thin blue
line) and one realization for each stock of a corresponding Gaussian random walk price P̂(t) (thick red line), simulated using parameters estimated from
the empirical price series. The three histograms together with the accompanying maximum likelihood normal distribution fits are calculated from the
simulated time price series for different levels of discretization, corresponding to 1/100, 1/16 and 1/8 dollar tick sizes. For IBM, the effect of discretization
is negligible, as all the histograms are very similar and they fit the normal distribution reasonably well. For CRK, however, the effect of discretization is
substantial. Both stocks were traded on the NYSE in the time period 4-Jan-1993 to 31-Dec-1996. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

where !Pi is the tick size and, thus, specifies the desired level of discretization, and [· · ·] denotes rounding to the nearest
integer. As an example, suppose that the tick size is !Pi = 1/8 and we have obtained a simulated price of Si(t) = 4.1423.
Now [Si(t)/!Pi] = 33 and, hence, P̂i(t, 1/8) = 4.125.

Fig. 1 shows the simulation results for two representative stocks, namely, International Business Machines (IBM) and
Comstock Resources Inc. (CRK). Although the simulation was carried out for several stocks, the two are chosen here for
demonstration because they exemplify the two types of qualitatively different behavior. IBM is an example of a stock the
actual trading price of which is relatively high throughout the investigated time horizon, varying roughly between 40 and
140 dollars. In contrast, the price of CRK is relatively low, staying below 10 dollars most of the time. The uppermost plots
show the actual price and simulated price for visual comparison, and the remaining plots in the figure show a histogram
and the related maximum likelihood (ML) normal distribution fits for different tick sizes of !P = 1/100, !P = 1/16, and
!P = 1/8 dollars. Note that the number of points in the simulated time series is equal to those in the empirical ones.

The effect of discretization seems negligible for IBM but, in contrast, dramatic for CRK. The most straightforward
explanation for this is the difference in tick-to-price ratio, given by !Pi/Pi. The tick-to-price ratio decreases when either
the tick !Pi decreases, or when the price Pi increases. Since the price of IBM is more than one order of magnitude higher
than the price of CRK, it has a much lower tick-to-price ratio to begin with and, thus, it is not affected by reductions in tick
size. Therefore, given a tick size !Pi, the investors can adjust the price of a stock with a high absolute price more accurately
relative to its current price level than they can a stock with a low absolute price. As a consequence, the proportion of zero
returns appears to bemuch higher for the stock with a high tick-to-price ratio (CRK), as witnessed by the peak in themiddle
of the return distribution, than for the stock with a low tick-to-price ratio (IBM). A visual comparison of the histograms and
the accompanying fits for CRK in Fig. 1 is very instructive. The fits are poor as the distribution is far from normal, and the
data would be fit better by a peaked distribution. Taken together, these results set the scale for the effect of tick size on asset
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returns: the effects can range from negligible to dramatic. We expect the effect for empirical data to lie mainly between
these two extremes.

We point out that a related simulation study was carried out by Rosenfeld, who investigated the effect of rounding on
the estimation of the stochastic process describing stock returns [28]. His finding was that 1/8 dollar rounding would cause
one to reject the hypothesis of geometric Brownian motion of returns for $1 and $10 stocks, but not for $100 stocks. This
observation is consistent with our results.

4. Empirical approach

4.1. Experimental set-up

We first identified stocks that are cross-listed in two exchanges. Since the Toronto Stock Exchange (TSE) had completed
its decimalization before its US counterparts, we carefully selected a group of Canadian firms listed on the TSE that were
also cross-listed on the NYSE, such that the corresponding ticks, say, !PTSE

i (t) and !PNYSE
i (t), were different.3 Due to the

decimalization pilot program, the change to decimals was carried out in stages, which enables comparisons at several
different tick sizes. All the stocks fulfilling the inclusion criteria are used in our study as explained below. The advantage
of our experimental set-up is that all security-specific characteristics are held constant by examining the same securities
traded at the same time in two exchanges with two different tick sizes.

The experimental set-up raises some considerations. (i) We wanted to study the phenomenon on as short time scales
as possible. Although tick-by-tick data are nowadays available, the transactions take place at different times in different
exchanges so that the prices are not unambiguously defined. However, since the closing price is unambiguous, we decided
to use daily data, which is the shortest attainable time scale onwhich the phenomenon can be studied the present approach.
(ii) Although the NYSE and TSE are among the three most active stock exchanges in North America as measured by quoted
market value [36], we checked that all included stocks are actively traded. (iii) Since we deal with closing prices, it is
important that trading ends at the same time (in absolute terms) in both exchanges. The regular trading hours for NYSE,
NASDAQ and TSE are from 9:30 AM to 4:00 PM Eastern Standard Time, so this condition is fulfilled [34–36]. (iv) We must
use the actual closing price, not the split adjusted closing price. The reason here is the same as for simulated data: it is
the actual price that is used in trading and subject to tick size variations, not the split adjusted price. (v) When a firm is
cross-listed on two exchanges that are open simultaneously, the corresponding stock prices should follow one another very
accurately, as arbitrage opportunities would otherwise be created. Thus, we assume that there is ‘‘one price’’ for each stock,
enabling us to observe the price simultaneously under two levels of discretization. (vi) The fact that US exchanges trade in
US dollars and Canadian exchanges in Canadian dollars means that the units of measurement are not the same and that they
also fluctuate. Since the currencies are strongly inter-connected, we assume that the differences in tick size between stocks
listed in the two countries dominate over the difference in currency fluctuations. We have also checked that currencies do
not alter the distribution by studying the control periods, during which the tick sizes in the two currencies are the same,
e.g. 1/8 US dollar on the NYSE and 1/8 Canadian dollar on the TSE. (vii) Canadian and American stock exchanges are open
mostly on the same days, although there are some uniquely American or Canadian holidays resulting in only one of the
exchanges being open. These days were excluded from the data for both exchanges. (viii) Previous research indicates that
clustering is related to firm size, price, volatility and volume [17,18,29]. If one were to study a set of stocks traded on an
exchange over a period of few years before and after decimalization, one would need to control for these factors that may
affect clustering. However, our experimental set-up obviates the need for these factors as they can be tested using control
periods. Similarly, volatility and volume at the NYSE and the TSE are expected to be strongly correlated. (ix) A potential
concern regarding the experimental set-up is the difference in market structure between the NYSE and the TSE. There is
some earlier research to support this claim as far as clustering is concerned [30,31]. As these papers do not deal with the
NYSE and the TSE, it is not possible to extend their conclusions directly to this case. (x) A potential concern is that, for cross-
listed securities, price discovery occursmore often in onemarket than another and thus thatmarketmay also be responsible
for the observed clustering [32]. These considerations led us to conclude that when the effects of decimalization are to be
studied by comparing stocks traded in different exchanges under different tick sizes, the chosen US and Canadian exchanges
are, to the best of our knowledge, the most suitable candidates for this purpose.

4.2. Empirical data

4.2.1. Choice of data
There are two domains that need to be fixed in the empirical approach: the stocks and the time periods considered.

According to a list based on the status of June 30, 2003, the NYSE listed a total of 468 non-US companies from 51 countries,
of which 81 were Canadian, and 41 of them were listed on the TSE. The time periods should be defined such that they

3 For symmetry one could also study US firms listed on the NYSE and cross-listed on the TSE. However, it turns out that the trading of these stocks is not
very active, as witnessed by their low trading volumes, and therefore doing the comparison this way around is not very fruitful [37].
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Fig. 2. Top section: Actual daily closing price for Alcan Inc. traded on the TSE (upper red curve, in Canadian dollars) and the NYSE (lower blue curve, in US
dollars). Their decimal fractions are plotted in the middle and bottom sections of the figure, respectively. The tick sizes !PTSE

AL (t) and !PNYSE
AL (t), and their

changes, can be seen in the figure.

enable comparison of the data both before and after decimalization, i.e., at times when there is no difference in tick size.
During these control periods returns from both exchanges should be distributed in a similar way. These considerations lead
us to choose the overall time domain from Jan-1-1990 to June-30-2003 with four disjoint periods: Jan-1-1990 to Apr-14-
1996 (Period 1), Apr-15-1996 to Jun-23-1997 (Period 2), Jun-24-1997 to Dec-3-2000 (Period 3), Jan-29-2001 to Jun-30-2003
(Period 4). During these periods, the tick on the NYSE for the considered stocks was !P = 1/8, !P = 1/8, !P = 1/16,
and !P = 1/100, whereas the tick on the TSE for these stocks was !P = 1/8, !P = 1/20, !P = 1/20, and !P = 1/100,
respectively.4 The following ten TSE–NYSE stocks span the entire time domain and are included in the empirical analysis:
ABX, AL, BCE, DTC, ENB, GLG, NT, PDG, POT and ZL. Although the number of stocks is not high, resulting in less than ideal
statistics, this set of stocks is nevertheless complete given the above criteria.

An example of closing price time series under two ticks and the related decimal fractions are given in Fig. 2. The decimal
fraction is defined as

$Pi(t) = Pi(t) " $Pi(t)%, (5)

where $x% is the floor function and gives the largest integer less than or equal to x, so that $Pi(t) is the non-integer part of
the closing price seen in Fig. 2.

Most financial data contain some errors. Thus, for some reason, not all prices fall on the designated tick ‘‘grid’’. To quantify
this type of error, for each stock we define the off-tick error as the fraction of price quotes for which the decimal fraction
$Pi(t) is not an integer multiple of the used tick size !Pi(t). We have imposed a requirement fe & 0.1, meaning that off-tick
errors up to 10% are tolerated. We carried out fits for all data, but those that do not fall within the error margin results need
to be interpreted with care.

4 The Toronto Stock Exchange implemented decimalization for all of its securities on April 15, 1996. At that time, the tick size was reduced to Canadian
dollars C$0.01 for securities priced between C$3.00 and C$5.00, and to C$0.05 for securities priced at C$5.00 or more.
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Table 1
A summary of NYSE–TSE data for quantifying the degree of closing price clustering and tick size effectiveness. The top line for each exchange gives the
period and the tick size, and the columns give the value of the chi-square test statistic S2 for quantifying the effectiveness of tick size (the higher the
value, the more the effective tick deviates from the nominal tick), the p-value associated with the given value for the S2 test statistic, and the status (st.)
of the stock in the given period defined as follows. If there are more off-tick prices than are tolerated, i.e. fe is higher than allowed, this is indicated by the
exclamation mark ‘!’. If there are not too many off-tick prices, two outcomes are possible. First, if the effective tick size is different from the nominal one
(high S2 score), there is price clustering present in the data and this is indicated in the status by ‘C’. These stocks are interesting from the perspective of
studying price clustering. Second, if the prices are uniformly distributed, meaning that effective tick is close to nominal tick (low S2 score), the status is
‘U’. These stocks can be used when making claims about the tick size on return distribution, because they have genuinely been traded on the assigned tick,
i.e. the effective and nominal ticks coincide, although the borderline between price clustering and price uniformity is inevitably somewhat arbitrary.

NYSE stock Period = 1 Period = 2 Period = 3 Period = 4
!P = 1/8 df = 7 !P = 1/8 df = 7 !P = 1/16 df = 15 !P = 1/100 df = 99
S2 p st. S2 p st. S2 p st. S2 p st.

1 11.005 0.138 U 12.715 0.079 U 17.130 0.311 U 115.763 0.120 U
2 3.315 0.854 U 3.007 0.884 U 21.783 0.114 U 165.932 0.000 C
3 8.457 0.294 U 3.297 0.856 U 12.447 0.645 U 136.780 0.007 C
4 34.257 0.000 C 16.324 0.022 U 27.749 0.023 U 134.746 0.010 C
5 248.580 0.000 C 4.255 0.750 ! 223.609 0.000 C 156.411 0.000 C
6 11.046 0.137 ! 31.803 0.000 C 174.760 0.000 C 177.119 0.000 C
7 6.775 0.453 U 10.383 0.168 U 102.667 0.000 C 124.576 0.042 U
8 2.733 0.909 U 4.865 0.676 U 23.828 0.068 U 189.322 0.000 C
9 17.304 0.016 U 1.838 0.968 U 39.374 0.001 C 350.000 0.000 C

10 29.927 0.000 ! 29.746 0.000 C 21.944 0.109 U 123.890 0.046 U

TSE stock Period = 1 Period = 2 Period = 3 Period = 4
!P = 1/8 df = 7 !P = 1/20 df = 19 !P = 1/20 df = 19 !P = 1/100 df = 99
S2 p st. S2 p st. S2 p st. S2 p st.

1 6.293 0.506 U 32.108 0.030 U 43.176 0.001 C 592.373 0.000 C
2 11.869 0.105 U 49.811 0.000 C 89.671 0.000 C 905.254 0.000 C
3 5.420 0.609 U 26.027 0.129 U 119.176 0.000 C 692.712 0.000 C
4 23.597 0.001 C 9.610 0.962 U 68.773 0.000 C 729.322 0.000 C
5 89.174 0.000 C 58.902 0.000 C 209.336 0.000 C 842.712 0.000 C
6 67.492 0.000 ! 33.007 0.024 U 60.763 0.000 ! 584.576 0.000 C
7 7.679 0.362 U 118.595 0.000 C 370.659 0.000 C 249.322 0.000 C
8 8.973 0.255 U 23.189 0.229 U 46.141 0.000 C 533.051 0.000 C
9 94.182 0.000 C 341.973 0.000 C 701.247 0.000 C 747.966 0.000 C

10 32.253 0.000 ! 58.595 0.000 C 52.353 0.000 C 945.887 0.000 C

4.2.2. Price clustering and zero returns in data
The concept of effective tick results from price clustering, i.e. uneven use of price fractions allowed for by the tick size,

and in this sense having a certain nominal tick is a necessary but not sufficient condition for observing the nominal tick in
practice. For example, a stock trading on $1/16 (nominal) tickwith amajority of closing prices on even-sixteenths in practice
corresponds to $1/8 (effective) tick. Thus, in order to compare stocks that are genuinely traded under different ticks, we need
to ascertain that the considered tick sizes are effective.

Wewill now devise a simple way to estimate the degree of tick effectiveness. Under active trading, it is natural to set up a
null hypothesis that the decimal parts $Pi = !Pi, $Pi = 2!Pi, . . . , $Pi = k!Pi, associated with nominal ticks of !Pi = 1/k,
are all equally likely, i.e., the decimal parts are drawn from a uniform distribution. The hypothesis implies that the expected
frequencies of these events are equal such that E($Pi = !Pi) = · · · = E($Pi = k!Pi) = T/k, where T is the number of data
points in the time period. We use the variables n1, n2, . . . , nk to denote the observed frequencies, subject to the condition
that n1 + n2 + · · · + nk = T . As we can group naturally the observations into a finite number of classes, we can use the %2

test for goodness of fit to investigate the agreement between the expected and observed numbers of observations in class i.
The formal test statistic is defined as

S2 =
k#

i=1

(ni " T/k)2

T/k
. (6)

The larger the value of S2, the greater is the discrepancy between observed and expected frequencies, and the further the
effective tick is from the nominal tick. The sampling distribution of S2 is approximated by the chi-square distribution with
& = k " 1 degrees of freedom, and this approximation is very accurate if the expected number of observations in each
class, T/k, is at least 5 [33], a condition that is filled by all stocks in all periods. We tabulate the value of the test statistic
S2 in Table 1 together with the probability of observing more extreme values for the test statistic than expected under the
null hypothesis.5 We find that closing price clustering is clearly present at both exchanges. In total 42 out of 74 cases of

5 This is given by 1 " FCS(S2i ), where FCS(x) is the cumulative chi-square distribution, given by FCS(x) = 1
2&/2'(&/2)

$ x
0 u(&/2)"1e"u/2 du, where & is the

number of degrees of freedom, and '(·) is the Gamma function, defined earlier in the text.
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Fig. 3. Examples of different degrees of preferential closing trade price clustering before decimalization in Period 1 (from Jan-1-1990 to Apr-15-1996).
The plots on the top correspond to TSE and those at the bottom to NYSE. Histograms are shown for two stocks (stock 8 on the left, stock 5 on the right). The
plots show clearly how, for the stock on the right, trading takes place using only a subset of all possible fractions. Thus, on the left the prices are uniformly
distributed (status = ‘U’), whereas on the right the prices are clustered (status = ‘C’). Further, the clustering for the TSE traded stock (top right) is focused
on integer prices, whereas for the NYSE traded stock (bottom right) the clustering is focused on even eights.

cases (10 stocks ' 4 periods ' 2 exchanges) or 57% show one form of price clustering, excluding 6 inconclusive cases. Price
clustering is not limited to changes from 1/20 to 1/100 tick but can also be observed when the tick is reduced from 1/8 to
1/16 or to 1/20.

Let us examine visually a sample case of preferential clustering as identified in Table 1. In the left columnof Fig. 3,we show
an example of price uniformity (status ‘U’), or minimal price clustering, corresponding to a small S2 value. On the right, we
have an example of substantial price clustering (status ‘C’). All the other stocks fall somewhere between these two extremes.
For the NYSE stock on the right, the price clustering is systematically concentrated on the even-eighths to the extent that
81% of probability mass lies on them, whereas we would expect only 50% if the decimal fractions were evenly distributed.
According to our terminology, the stock has an effective tick size of 1/4. Notice also how the emphasis on even-eighths is
only present for the NYSE but not for the TSE traded stock.

Results obtained from the simulation in Section 3 suggest that the tick-to-price ratio affects the frequency of zero returns.
We have checked the relationship between zero return frequency and tick size for the stocks studied, finding, as expected,
that the proportion of zero returns increases as the tick size increases. We characterize the strength of linear coupling
between the zero return frequency and the tick size !Pi and the tick-to-price ratio !Pi/Pi using Pearson’s linear correlation
coefficient, which for the former is r!P = 0.50 and for the latter r!P/P = 0.83. When cast in terms of the coefficient of
determination, given by the square of the correlation coefficient, we find that the variation in tick size!P explains some 25%
of the variation in zero returns, whereas the variation in tick-to-price ratio !P/P explains some 69% of the variation in zero
returns. This strengthens the intuitive picture given by the simulation: the proportion of zero returns is considerably better
accounted for by the tick-to-price ratio than the absolute tick size.

4.3. Distribution models

In this section we review a few commonly used return distributions. We have decided to include only models that have
a clearly interpretable shape parameter. This leaves us with time-independent models only, meaning that these models are
not able to capture the prominent feature of volatility clustering or other time-dependencies observed on the market. Since
we are using different distribution models only to measure the effect of tick size, this choice suits our purpose.
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4.3.1. Stable and normal distribution
TheGeneral Stable Distribution (GSD), as defined by Lèvy [38], is the universal limit distribution resulting from the sumof

independent and identically distributed (iid) random variables. The precise formulation of this result is known as the central
limit theorem (CLT). The classical formulation of the CLT deals with the convergence of sums of a large number of random
variableswith finite variance " 2 towards a Gaussian (normal) distribution. Thus they are said to belong to the Gaussian basin
of attraction. In general, elementary distributions which decaymore slowly than |x|"3 have infinite variances and, therefore,
do not belong to the Gaussian basin of attraction.6 However, they converge to an infinite number of attractors for 0 < ( & 2,
comprising the set of all Stable distributions and forming the basins of attraction of stable non-Gaussian distributions [39,
40].

Stable distributions were first introduced as a model for asset returns by Mandelbrot [20]. The probability density
function (pdf) of the GSD cannot be written in closed form, except for a few special cases, but its characteristic function
reads as follows [20]:

ln FGSD(q|(, ), * , $) = i$q " * |q|(
%
1 + i)

z
|z| tan

&(+

2

'(
, (7)

where 0 < ( & 2 is the characteristic exponent, ) the skewness parameter, * > 0 the scale parameter, and $ the location
parameter. The pdf can be obtained by the inverse Fourier transform as

fGSD(x) = F "1 {FGSD(q)} (x). (8)
As the most common special case one obtains the normal distribution for ( = 2 as

fN(x|µ, " ) = 1#
2+" 2

exp
(x " µ)2

2" 2 , (9)

where µ is the location parameter (mean) and " the scale parameter (standard deviation).
The special case of the stable distribution that is of particular interest to us is the Centered, Symmetric and Stable (CSS)

distribution, obtained by setting ) = $ = 0. We have used the numerical maximum likelihood algorithm of Gillemot
et al. [41] to estimate its parameters. An alternative to this is the moment based estimates due to Fama and Roll [42]. It is
worth noting that although theGeneral Stable and Truncated Lèvy distributions both have an interpretable shape parameter,
due to their remarkable similarity only the special case of the General Stable distribution (CSS) is addressed here [43].

4.3.2. Student’s t-distribution
In the 1970s, Blattberg and Gonedes [44] introduced the Student t-distribution (STU) as a model of asset returns. The

Student t-density function reads as follows:

fS(x|m,H, &) = &
1
2 &

B
) 1
2 ,

1
2&

*
+
& + H(x " m)2

," 1
2 (&+1) #

H, (10)

where m is the location parameter, H > 0 the scale parameter, & > 0 the degrees of freedom parameter, and B(·, ·) is the
beta function.7 For Student’s t-distribution all moments of order r > & are finite. Two important distributions are obtained
as its special cases. When & = 1 it is equivalent to the Cauchy distribution, and when & ( ) it converges to the normal
distribution. The estimation of the parameters of Student’s t-distribution is described in [44].

4.3.3. Power exponential distribution
The Power Exponential (PE) distribution includes the normal distribution as a special case and is able to capture the

observed excess kurtosis and long tails of empirical return distributions. It also has a finite second moment. The pdf reads
as follows [45]:
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where ") < x < ), ) > "1 is the shape parameter, ") < , < ) is the location parameter, " > 0 is the scale
parameter, and'(·) is the gamma function.8 The PE distribution is normalwhen) = 0, double exponentialwhen) = 1, and
approaches uniform distribution when ) ( "1. The maximum likelihood estimation of PE parameters is straightforward
with numerical methods [47].

6 Amore precise condition for a distribution belonging to theGaussian basin of attraction can be formulated, and it allows the inclusion of some ‘marginal’
distributions such as a power-law with exponent 2 in it.
7 The beta function, denoted by B(m, n), is defined by B(m, n) =

$ 1
0 xm"1(1 " x)n"1dx, which is convergent for m > 0, n > 0 [46].

8 The gamma function, denoted by '(n), is defined by '(n) =
$ )
0 xn"1e"xdx, which is convergent for n > 0 [46].
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Table 2
Jarque–Bera test results for TSE–NYSE stocks. In the table value 1 indicates that the normal distribution null hypothesis has been rejected, whereas 0
indicates failure to reject the null hypothesis, using ( = 0.01. Test statistics are given for values less than 1000, and values above 1000 have been denoted
with ). The critical test statistic values for ( = 0.05, ( = 0.01, and ( = 0.001 are 5.99, 9.21, and 13.82, respectively.

Stock exchange Period = 1 Period = 2 Period = 3 Period = 4
TSE NYSE TSE NYSE TSE NYSE TSE NYSE

1 1 ) 1 ) 1 10.8 0 0.892 1 239 1 227 1 24.3 1 30
2 1 46.7 1 32.3 0 6.61 0 0.788 1 85 1 82.2 1 212 1 194
3 1 472 1 576 1 ) 1 ) 1 ) 1 ) 1 ) 1 )
4 1 395 1 103 1 92.1 1 81.3 1 199 1 166 1 27.3 1 21
5 1 ) 1 ) 1 11.6 0 5.89 1 ) 1 ) 1 137 1 170
6 1 430 1 222 1 18.2 0 3.69 1 403 1 237 1 41.3 1 54
7 1 ) 1 ) 1 42.6 1 47.1 1 ) 1 ) 1 548 1 593
8 1 88 1 49 0 2.57 0 3.18 1 979 1 885 0 2.53 0 2.76
9 1 329 1 211 1 57.9 1 48.7 1 ) 1 855 1 29.2 1 44.2

10 1 ) 1 538 1 ) 1 818 1 ) 1 ) 1 406 1 511

Table 3
Obtained values for the degrees of freedom parameter & of Student’s t-distribution for TSE–NYSE stocks, where & > 0. The greater the value of &, the closer
the distribution is to normal. The stocks that were found to be normally distributed according to the Jarque–Bera test (Table 2) are marked with an asterisk
! . The parameter & is written in brackets for stocks with larger than allowed off-tick error frequency (see Table 1), and they should be viewed with some
skepticism. The inequality signs have been added to ease comparisons between the TSE and NYSE values.

Period exchange, !P Period = 1 Period = 2 Period = 3 Period = 4
TSE NYSE TSE NYSE TSE NYSE TSE NYSE
1/8 1/8 1/20 1/8 1/20 1/16 1/100 1/100

1 4.79 < 4.83 7.27 < 27.50! 5.24 < 5.50 18.54 > 15.58
2 9.35 < 11.55 10.88! < 28.55! 4.22 < 4.65 5.30 < 5.32
3 4.66 < 5.03 2.76 < 3.12 4.29 < 4.45 3.34 < 3.50
4 4.50 < 6.41 3.41 < 3.96 3.78 < 3.94 7.88 < 9.07
5 2.56 < 4.66 4.81 < (12.22!) 2.80 < 3.37 4.94 < 5.07
6 (3.82) < (5.45) 5.41 < 29.99! (4.02) < 4.38 6.94 > 5.87
7 4.03 < 4.26 4.28 < 4.47 3.15 > 3.02 4.55 > 3.89
8 8.17 < 8.94 73.09! < )! 4.59 < 4.82 )! = )!

9 3.11 < 4.12 3.92 > 3.54 3.08 > 2.98 5.19 > 4.27
10 (2.81) > (0.01) 2.13 < 3.17 3.29 > 2.98 3.62 > 3.39

4.3.4. Model selection
We have used the Schwarz criterion [48] to rank the different distribution models. The criterion is based on a Bayesian

approach, which states that it is most appropriate to select the model with the highest posterior probability.9 The Schwarz
criterion is not a statistical test in the traditional sense, but an information criterion. Although it is usually impossible to
calculate posterior probabilities directly, the following approximate procedure can be applied:

1. For each model M (CSS, NOR, STU, PE) calculate

SCM = log L(x|-) " d log
#
T (12)

where L(x|-) is themaximum likelihood function value, d the number of independent parameters, and T the number of data
points, i.e. sample size.

2. Select the model with the largest SC .
When the Schwarz criterion is used to rank distribution models, it is important that comparisons only within period are

made. In other words, it is not possible to compare criterion values SCM resulting from fitting a given model to different
periods. Model selection criteria are discussed in greater detail by Tyli et al. [47,43].

4.4. Empirical results

In order to characterize the shape of return distributions, we have carried out a test to measure how closely the
returns from different periods and exchanges are normally distributed. The goodness-of-fit to a normal distribution was
studied using the Jarque–Bera test. The null hypothesis in the Jarque–Bera test assumes that the data come from a normal
distribution with unspecified mean and variance. It uses a chi-square test statistic to measure how far the sample skewness
and sample kurtosis are from their expected values. Although one could use sample skewness and sample kurtosis to
determine the degree of non-normality of a distribution, the Jarque–Bera test combines the two and is a formal way of
gaging the degree of non-normality. Complete test results are given in Table 2. The cases which do not differ from normality

9 The posterior distribution is the conditional probability distribution of the unobserved quantities of interest, given the observed data.
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Table 4
Obtained values for the characteristic exponent ( of the CSS distribution for TSE–NYSE stocks. In general, 0 < ( & 2, where the case ( = 1 corresponds
to the Cauchy distribution, and ( = 2 to the normal distribution. Thus, the greater the value of (, the closer to normal the distribution is.

Period exchange, !P Period = 1 Period = 2 Period = 3 Period = 4
TSE NYSE TSE NYSE TSE NYSE TSE NYSE
1/8 1/8 1/20 1/8 1/20 1/16 1/100 1/100

1 1.79 = 1.79 1.92 < 2.00 1.80 < 1.81 1.97 > 1.96
2 1.91 < 1.94 1.95 < 2.00 1.70 < 1.75 1.82 = 1.82
3 1.77 < 1.80 1.65 < 1.73 1.80 < 1.81 1.65 < 1.67
4 1.75 < 1.84 1.61 < 1.70 1.67 < 1.71 1.88 < 1.91
5 1.57 < 1.91 1.72 < 1.93 1.62 < 1.68 1.80 < 1.81
6 1.67 < 1.81 1.83 < 2.00 1.71 < 1.79 1.86 > 1.81
7 1.75 < 1.76 1.73 = 1.73 1.69 > 1.66 1.76 > 1.72
8 1.88 < 1.90 2.00 = 2.00 1.80 < 1.82 2.00 = 2.00
9 1.56 < 1.68 1.67 > 1.62 1.60 > 1.58 1.84 > 1.74

10 1.56 < 1.81 1.41 < 1.71 1.66 > 1.62 1.68 > 1.67

Table 5
Obtained values for the shape parameter ) of the Power Exponential distribution for TSE–NYSE stocks, where ) * ["1, )). For the normal distribution
) = 0, for the double exponential ) = 1, and for uniform distribution ) ( "1. Note that comparisons (<, =, >) have been made using absolute values
of ) .

Period exchange, !P Period = 1 Period = 2 Period = 3 Period = 4
TSE NYSE TSE NYSE TSE NYSE TSE NYSE
1/8 1/8 1/20 1/8 1/20 1/16 1/100 1/100

1 1.03 < 1.10 0.45 > 0.21 0.55 > 0.54 0.10 < 0.14
2 0.38 > 0.34 0.37 > 0.24 0.74 > 0.63 0.54 = 0.54
3 1.03 < 15.03 2.06 < 2.19 1.45 > 1.43 1.02 > 0.95
4 19.21 > 10.96 1.66 < 11.72 0.97 < 26.26 0.39 > 0.32
5 21.60 > 14.60 0.61 > 0.19 1.89 > 1.61 0.69 > 0.63
6 11.12 < 21.62 0.85 < 18.31 1.02 < 13.67 0.43 < 0.52
7 0.99 > 0.87 0.73 < 0.76 1.42 > 1.40 0.65 < 0.76
8 0.39 > 0.36 0.09 = "0.09 0.71 > 0.67 "0.12 > "0.11
9 11.51 > 11.37 0.83 < 0.88 1.06 > 1.02 0.70 < 0.82

10 17.67 > 14.90 3.70 < 16.47 1.20 < 1.50 0.96 < 1.04

in a statistically significant manner are marked with an asterisk ! in Table 3. As expected, most cases are not normal at the
tested risk level of ( = 0.01. In fact, only 9 out of 80 cases are normal, which is in accordance with the results of earlier
studies dealing with stock returns.

The shape of the distributions is also characterized by the estimated shape parameter of each distribution. For Student’s
t-distribution the degrees of freedom parameter & is given in Table 3. As & ( ), or in practice to a very high value, the
distribution tends to normal. As far as normality of distributions is concerned, the results in Table 3 are compatible with
the Jarque–Bera test results. Otherwise our findings are rather surprising and go against the simulation results. In Period 1,
the values of & are, apart from one exception, consistently higher for the NYSE stocks, meaning that the NYSE stock returns
are closer to normal. However, in most cases the differences are not practically significant, as the values are fairly close. The
situation is a bit different in Period 2, although again the opposite to what was expected. Except for stock 9, NYSE stocks are
again closer to normal, and now the difference in & between the TSE and the NYSE is also practically significant for some
cases, such as stocks 1, 2, 5, and 6. In Period 3, again in most cases the NYSE stocks are closer to normal, but the differences
are even smaller than for Period 1. Finally, in Period 4, no conclusion can be drawn about the normality of returns because,
depending on the stock, either the TSE or the NYSE is closer to normal and the differences are fairly small. The results
obtained for Student’s t-distribution are, with the exception of one or two equality signs, very similar for the characteristic
exponent ( of the CSS distribution in Table 4.

The results for the shape parameter ) of the Power Exponential distribution in Table 5 are less clear. In Periods 1 and 3
most NYSE traded stocks have smaller ) values, whereas in period 4 the differences are minor, as expected, since the tick
sizes are identical. However, during Period 2, TSE stocks are more normal in the sense of having smaller absolute value of )
in 6 out of 9 cases. Further, according to Power Exponential fits, stocks 4, 6, and 10 are considerably more normal in terms
of ) when traded under the TSE, and the differences are so large that they are likely to be significant. Therefore, during
Period 2, when differences in the tick sizes between the TSE and NYSE are the greatest, the difference in the shape of the
return distribution between the exchanges is also greatest. One possible explanation for this is that the high tick-to-price
ratio results in a high frequency of zero returns, causing a tall peak in the distribution, which are captured well by the Power
Exponential distribution.

The results on the rankings of themodels based on the Schwarz criterion are given in Table 6. The best model is indicated
by number one (1) and theworst model by four (4), corresponding to the highest and lowest values of the Schwarz criterion,
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Table 6
The ranking of each model for TSE–NYSE stocks. Here CSS is the Centered, Symmetric and Stable distribution, N the normal distribution, ST Student’s t-
distribution, and PE the Power Exponential distribution. Number 1 corresponds to the highest rank (best model) and 4 to the lowest rank (worst model) for
the given stock (1, 2, . . . , 10), period (1, 2, 3, 4), and exchange (TSE or NYSE). A change in the ranking of models between the TSE and the NYSE is indicated
by an asterisk ! next to the stock’s ranking.

Stock Period exchange, !P Period = 1 Period = 2 Period = 3 Period = 4
TSE NYSE TSE NYSE TSE NYSE TSE NYSE
1/8 1/8 1/20 1/8 1/20 1/16 1/100 1/100

1 CSS 1 1 2 2 2! 3! 1 1
N 4 4 4! 1! 4 4 2! 3!

ST 2 2 3! 4! 1 1 3! 2!

PE 3 3 1! 3! 3! 2! 4 4

2 CSS 3 3 1! 2! 3 3 1 1
N 4 4 3! 1! 4 4 4 4
ST 2 2 4 4 2 2 2 2
PE 1 1 2! 3! 1 1 3 3

3 CSS 3 3 1 1 1 1 1 1
N 4 4 4 4 4 4 4 4
ST 2 2 2 2 2 2 2 2
PE 1 1 3 3 3 3 3 3

4 CSS 3 3 3! 2! 3 3 2! 1!

N 4 4 4 4 4 4 4 4
ST 2 2 2! 3! 2 2 3! 2!

PE 1 1 1 1 1 1 1! 3!

5 CSS 2 2 3! 2! 2! 1! 3 3
N 4 4 4! 1! 4 4 4 4
ST 3 3 2! 3! 1! 2! 2 2
PE 1 1 1! 4! 3 3 1 1

6 CSS 3 3 3 3 3 3 3 3
N 4 4 4! 2! 4 4 4 4
ST 2 2 2! 4! 2 2 2 2
PE 1 1 1 1 1 1 1 1

7 CSS 2 2 3 3 1 1 2 2
N 4 4 4 4 4 4 4 4
ST 1 1 2 2 2 2 1 1
PE 3 3 1 1 3 3 3 3

8 CSS 3 3 2 2 2 2 2 2
N 4 4 1 1 4 4 1 1
ST 1! 2! 4 4 1 1 4 4
PE 2! 1! 3 3 3 3 3 3

9 CSS 3 3 2! 3! 3 3 3 3
N 4 4 4 4 4 4 4 4
ST 2 2 3! 2! 2! 1! 2 2
PE 1 1 1 1 1! 2! 1 1

10 CSS 3 3 2 2 1 1 3 3
N 4 4 4 4 4 4 4 4
ST 2! 1! 3 3 2 2 2 2
PE 1! 2! 1 1 3 3 1 1

respectively. In general, when the tick sizes of two stocks traded on the TSE and the NYSE are the same or similar, as they
are in Periods 1, 3, and 4, the ranking of models for the considered stocks is very similar. However, when the two tick sizes
are considerably different, as in Period 2, the ranking of models changes. In Period 1, when the stocks are traded under
1/8 tick both on the TSE and the NYSE, the rankings differ only in 10% (4/40) of the cases. In Period 3, when the TSE and
NYSE tick sizes, 1/20 and 1/16, are very similar, the rankings differ in 15% (6/40) of the cases, and in Period 4 when both
exchanges have 1/100 ticks, in 13% (5/40) of the cases. In Period 2, when the ticks are 1/20 and 1/8 for the TSE and the
NYSE, respectively, the rankings are different in 40% (16/40) of the cases. Therefore, which model best describes the return
distribution depends on the absolute tick size. One pattern in rank changes in Period 2 between TSE (1/20) and NYSE (1/8)
stocks is the counterintuitive finding that when the ranking of the normal distribution changes, it is consistently ranked
two or three places higher for the NYSE than for the TSE traded stocks. Put differently, stocks traded with larger ticks at
the NYSE are, quite surprisingly, closer to normal than stocks with smaller ticks. An opposite transition takes place for the
Power Exponential distribution, to which stocks with smaller ticks tend to conform better. A similar, althoughweaker, trend
is observed for Student’s t-distribution.

In conclusion, we find that only 9 out of 80 studied return distributions can be considered normal. In Period 2, when the
differences in shape of the return distribution are expected to be clearest, the degree of freedom parameter & of Student’s
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t-distribution and the characteristic exponent ( of the CSS distribution indicate, contrary to our expectation, that the stocks
traded under a larger absolute tick are closer to normal. However, when normality is inferred from the shape parameter )
of the Power Exponential distribution, TSE stocks with their smaller tick size are closer to normal in 6 out of 9 cases.

5. Discussion

In this paper we have studied the effect of changes in tick size, enabled by the decimalization process, on asset returns.
We reported results obtained using two different approaches. First, we used simulation to generate a continuous price time
series with normally distributed returns, which we discretized in order to study the effect of tick size on returns in isolation
from other factors. Second, to approach the phenomenon empirically, we studied a carefully chosen set of NYSE and TSE
cross-listed stocks that were traded under different tick sizes.

It appears that investors do not use all price fractions uniformly as allowed for by tick size, leading to a clustering of prices
on certain fractions and a reduction in effective tick size, a phenomenon that could potentially affect the way returns are
distributed. This phenomenon also persists after decimalization, i.e., investors appear to exhibit some sort of conservatism
and use mainly pre-decimalization ticks after decimalization has been completed. We observed that some 57% of cases
(10 stocks ' 4 periods ' 2 exchanges) exhibit price clustering such that the effective tick size deviates from the nominal
tick size. The remaining stocks had a fairly uniform distribution of prices on all fractions. The tick size in general, and the
tick-to-price ratio in particular, appear to be indicative of the zero return frequency. We conjecture that large effective ticks
lead to a distortion of the shape of the return distribution, and this effect should be particularly strong when the price of
the stock is low, i.e., when the tick-to-price ratio is high, coupled with an excess of zero returns. On average the proportion
of zero returns increases as the tick size increases, but this is better accounted for by the tick-to-price ratio, the variation of
which explains some 69% of variation in zero returns. Therefore, the proportion of zero returns is much better accounted
for by tick-to-price ratio than the absolute tick size.

According to our simulation results, data that are discretized according to the tick size are poorly fit by a normal
distribution, and better fits could be obtained using a more peaked distribution. Results with empirical data indicate that
only 9 out of 80 studied return distributions are normal, and some are very far from normality. However, normality does not
seem to be strongly related to tick size or tick-to-price ratio. In Period 2, when differences in the shape of return distributions
are expected to bemost clear, the degree of freedom parameter & of Student’s t-distribution and the characteristic exponent
( of the CSS distribution indicate that, contrary to our expectation and the simulation result, stocks traded under a larger
absolute tick are closer to normal. However, when normality is measured in terms of the shape parameter ) of the Power
Exponential distribution, TSE stocks with their smaller tick size are closer to normal in 6 out of 9 cases.

Someof ourmixed resultsmaybe explainedby apreference exhibited by themarket to continueusingpre-decimalization
fractions even after the decimalization has been completed. Further, there may be differences in individual stocks in the
extent to which they display this type of conservatism in using the pre-decimalization tick. A more detailed study could
be carried out that incorporates the effect of currency fluctuations, which might influence the effective tick size. Overall, it
is rather surprising that the effect of a discrete tick on the distribution of returns has been given so little attention in the
literature. Once the role of tick size on the shape of the return distribution is properly understood, a natural next step is to
extend the study to high-resolution data.
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